Abstract. The transverse mass of semi-invisibly decaying particles, calculated from the transverse momenta of their decay products, has been used in a broad range of searches and measurements at hadron colliders, such as the LHC. This variable is invariant by construction under Lorentz boosts purely in the longitudinal (beam) direction, thereby minimising sensitivity to fluctuations in the fractions of the proton momentum carried by the colliding partons. In this paper we examine, by contrast, the properties of the transverse mass under boosts with a component also in the transverse plane perpendicular to the beam direction. We show that this variable is invariant under such boosts in cases where the boost is purely transverse and (a) the momenta of the decay products are confined to the transverse plane in the rest frame of the parent particle and/or (b) the transverse momenta of the decay products are perpendicular to the boost direction. We discuss the transformation properties of the transverse mass in the case of combined transverse and longitudinal boosts and identify the criteria under which the transverse mass in the laboratory frame can equal the rest mass of the parent particle, irrespective of its value in the rest frame of the parent.
Introduction
A key challenge at hadron colliders such as the Large Hadron Collider (LHC) [1] is the identification and measurement of particles producing both visible and invisible decay products. Such semi-invisibly decaying particles include the Standard Model W boson, Higgs boson (e.g. when decaying to + − νν via ZZ * or W + W − ) and τ lepton, and many possible new beyond Standard Model states such as W bosons [2, 3, 4, 5] , dark matter mediator particles [6, 7] and Vector-Like Quarks [8, 9] . Kinematic variables constructed from the decay products of such particles which take values strongly correlated with their mass provide effective tools for both identifying their presence in events and measuring their masses. Variables defined using momentum components in the transverse plane make allowance for the lack of knowledge of the momenta of invisible particles in the beam direction.
A simple example of such a variable is just the net transverse momentum of the visible decay product(s) of the parent particle. The distribution of this variable displays a Jacobian peak in the parent rest frame at half the parent mass for massless decay products. The transverse momenta of visible decay products are invariant under Lorentz boosts of the parent rest frame along the beam direction. Hence the unknown value of this boost in each event, arising from the varying fractions of the proton momenta carried by the colliding partons, does not affect the position or shape of the peak. However, transverse momenta are not invariant under boosts in the transverse plane, generated, for instance, by recoil of the parent against hadrons in the final state of the hard process. For this reason the position and shape of the peak can be strongly affected by the physics of the hard process generating the hadronic recoil, and identification efficiencies and mass measurements using visible transverse momenta can be sensitive to recoil modelling uncertainties. Nevertheless, the use of transverse momenta of visible decay products provides an important route to measuring the masses of semi-invisibly decaying particles, and offers the benefit of insensitivity to potentially significant systematic uncertainties arising from experimental measurement of the net momenta of invisible decay products via the missing transverse energy (E
miss T
). The most recent measurement of the mass of the W boson, by the AT-LAS collaboration at the LHC, relies primarily upon this technique [10] . There has also been recent interest in the use of the energies of visible decay products with similar motivation [11, 12] .
An alternative to the direct use of transverse momenta is provided by the transverse mass (m T ) [13, 14, 15] , defined as the invariant mass of the visible and invisible decay products calculated assuming that each has zero net momentum in the beam direction. Distributions of m T also display a Jacobian peak, at the mass of the parent particle. Values of m T are also invariant under Lorentz boosts in the beam direction, as they depend purely upon the transverse momenta of the decay products (includ-ing E miss T for invisible particles). The sensitivity of the position and shape of the peak to transverse boosts of the parent is furthermore reduced in comparison with the visible transverse momentum distribution discussed above (see Figure 1 (top)), due to the similarity of the definition of m T to that of the invariant mass. However, m T is not completely invariant under purely transverse boosts [15] or indeed under more general combined transverse and longitudinal boosts (see Figure 1 (bottom) ). In this paper we will examine in detail the transformation properties of this variable in these cases. For simplicity the paper will focus on the special case of a singly-produced massive parent (δ) decaying to two massless visible (v) and invisible (χ) daughter particles.
The paper begins by defining the coordinate system and kinematic quantities to be used (Section 2). There follows (Section 3) an analysis of the values of m T measured in the laboratory frame in the presence of a purely transverse Lorentz boost of the semi-invisibly decaying parent particle arising from its transverse recoil. Next, the values of m T measured in the laboratory frame in the presence of a more general combined transverse and longitudinal Lorentz boost are considered (Section 4). The paper finishes with a discussion of these findings (Section 5) and conclusions (Section 6).
Coordinate system and kinematic variables
To simplify the analysis we assume initially that the momenta of both δ and the system against which it recoils lie in the transverse plane of the laboratory frame -in other words we assume that the complete final state system of the hard process is at rest in the beam direction (defined asẑ). We later relax this assumption and investigate the non-trivial consequences that this has for m T . We assume that the masses of the visible and invisible particles can be neglected both in the definition of the transverse mass and in the analysis that follows.
In the rest frame of δ the visible and invisible decay products have momenta of magnitude p 0 = m/2. Here, m is the per-event mass of δ, sampled from a Breit-Wigner distribution of mean m δ and width Γ δ . The particle δ recoils in the laboratory frame against a system of net momentum p b . We define the decay angle relative to the beam direction (ẑ), in the rest frame of δ, as θ such that θ = π/2 corresponds to decays confined to the transverse plane while θ = 0 or π correspond to decays parallel to the beam direction. We define the decay angle φ in the transverse plane of the rest frame of δ, relative to the transverse momentum p δ,T of δ, and hence to the Lorentz boost, such that φ = 0 corresponds to a visible (invisible) daughter momentum parallel (anti-parallel) to p δ,T . We define the positivex direction as being parallel to the transverse momentum of δ and hence the boost direction in the transverse plane, and the positiveŷ direction in the transverse plane such that the visible daughter has positiveŷ momentum component p v,y .
The recoil of δ leads to a boost of its decay products with velocity
2 ) in the laboratory frame. The relativistic boost factor is γ = 1/ 1 − β 2 = p 2 b + m 2 /m. We denote the rest frame of δ as the unprimed frame, and the detector / laboratory frame as the primed frame.
The invariant mass of the daughters, v and χ, is equal to the per-event mass m of δ and can be defined as follows:
where
i,x + p 2 i,y for particle i. ∆η is the difference in rapidity for particles v and χ. The rapidity is defined by
for particle i, and reduces to η = − ln(tan(θ/2)) for massless v and χ. Differences in rapidity ∆η are invariant under Lorentz boosts in the longitudinal (ẑ) direction, but are not invariant under boosts in other directions.
As noted in Section 1, the transverse mass m T of the vχ system is defined as the invariant mass under the assumption that components of the momenta of v and χ in the beam direction are zero. This is equivalent to setting ∆η = 0 in Eqn. (1):
where we have required m v = m χ = 0 in the last line. In general m T ≤ m, because cosh ∆η ≥ 1 and hence m T ≤ m vχ , as can be seen from the identity:
The transverse mass is invariant under arbitrary longitudinal boosts of the laboratory transverse plane along the beam direction, because it is defined exclusively in terms of momentum components measured in the transverse plane.
Transformation properties of m T under purely transverse Lorentz boosts
Before considering the more general case of a combined transverse and longitudinal Lorentz boost of δ in the laboratory frame we consider first the simpler case of a purely transverse boost, for which β lies in the transverse plane and hence β = (β x , 0, 0) and β = β x . This case was also considered in detail in Ref. [15] .
Transverse mass in the laboratory frame
With the definitions from Section 2 we can obtain the momentum components of v and χ in the laboratory (primed) frame from a Lorentz transformation of the unprimed quantities:
We want to calculate the value of the transverse mass in the laboratory frame (m T ) and so we must use the primed momentum components. Substituting with the above Lorentz transformations and performing some algebra we obtain the following:
Special cases
We can now examine the values of m T for several special cases.
-γ = 1, any φ, any θ: In this case δ is at rest in the laboratory transverse plane. m T is then just given by m T = m sin θ, independent of φ. -θ = π/2, any φ, any γ: In this case δ decays in the transverse plane. The rapidity difference for v and χ vanishes and hence m T = m, independent of φ and γ. m T thus measures m independently of the magnitude or direction of the recoil. This special case is the origin of an invariant population of events in the Jacobian peak of the m T distribution for purely transverse boosts. -φ = π/2, any θ, any γ: In this case δ decays in its rest frame perpendicularly to its direction of motion. The factors of γ cancel from Eqn. (6) and we obtain m T = m sin θ ≤ m, independently of γ. Such events with θ = π/2 therefore give rise to an invariant tail of events in the m T distribution below the Jacobian peak at m T = m, for purely transverse boosts. -γ > 1, φ = 0 or π, and θ = π/2: In this case m T is given by
for β < sin θ, or equivalently γ < 1/cos θ. When γ ≥ 1/cos θ the direction of the momentum of χ (or v for φ = π) in the transverse plane changes sign and becomes parallel to that of v (or χ). This causes m T to become identically zero when the decay products are massless.
-γ → ∞: In this case the limit of Eqn. (6) is given by:
where ψ is the visible daughter decay angle relative to the beam direction projected into theŷ −ẑ plane. Highly boosted events therefore acquire values of m T which are always less than that measured in the parent's rest frame.
These cases are illustrated in Figure 2 for various values of θ and φ. Excepting the above special cases, the general dependence of m T on γ resembles that observed for θ = 0.9 and φ = 0.2 in the figure. In general the shape of the m T distribution is affected by the recoil of δ, and m T ≤ m T ≤ m (as noted also in Refs. [15, 17] ). The constraint that m T /m T ≤ 1 can be observed in Figure 1 (bottom) when ξ = π/2 and hence β z = 0. 
Transformation properties of m T under combined transverse and longitudinal Lorentz boosts
We now consider the more general case of a combined transverse and longitudinal Lorentz boost of δ in the laboratory frame. In this case, and with the definition that the boost points in the +x direction in the transverse plane, we have β = (β x , 0, β z ) and β = β 2 x + β 2 z . We define the angle of the boost relative to the beam direction as ξ such that tan ξ ≡ (β x /β z ) or equivalently cos ξ ≡ (β z /β).
Transverse mass in the laboratory frame
With the definitions from Section 2 we can again obtain the momentum components of v and χ in the laboratory (primed) frame from a Lorentz transformation of the unprimed quantities, using now the expression for a boost in an arbitrary non-axial direction: Substituting these primed momenta into Eqn. (3) we can obtain an expression for m T similar to that in Eqn. (6) for purely transverse boosts. We do not provide its specific analytical form here, however we have plotted its depen-dence upon γ and ξ for two representative cases for θ and φ in Figure 3 . It is immediately noticeable in this figure that, in contrast to the case of purely transverse boosts, m T can exceed m T (which is given by m sin θ = 0.783 m in this case), as observed also in Figure 1 (bottom) for ξ = π/2, and indeed can saturate the bound m T ≤ m.
Special cases
We can now again examine the values of m T for several special cases.
-θ = π/2 and φ = π/2, any γ: In this case ∆η = 0 in the δ rest frame and is invariant under the boost, because the momenta of v and χ are perpendicular to the boost direction. Consequently m T = m T = m. -θ = π/2 and φ = π/2, any γ: In this case ∆η = 0 in the δ rest frame and so m T = m. However, any boost with both transverse and longitudinal components increases |∆η| and hence m T < m T . -φ = π/2 and θ = π/2, any γ: In this case ∆η = 0 in the δ rest frame and any combined transverse and longitudinal boost decreases |∆η| and increases m T . For this reason m T < m T ≤ m. Application of such a boost can therefore 'regenerate' the Jacobian peak of events at the transverse mass end-point. We shall discuss this further below (Section 5). -γ > 1, φ = 0 or φ = π, any θ: In this case the decay axis lies in the plane of the beam direction and the boost. As is the case when the boost is purely transverse and φ = 0 or φ = π, the direction of the momentum of χ for φ = 0 (or v for φ = π) in the transverse plane can change sign and become parallel to that of v (or χ). At this point the transverse mass becomes identically zero (remembering that v and χ are massless). The criterion can be found by setting φ = 0 and solving the equation p χ,x = 0, or equivalently m T = 0, for γ (and similarly for p v,x = 0 when φ = π). The result is:
When θ = π/2 this reduces further to γ = 1 ± (tan ξ + cot ξ). This curve is visible in Figure 3 (top) as the boundary of the dark blue region where m T /m = 0. The 'horns' in this figure lying at ξ = 0, ±π/2, and ±π correspond to cases where β x = 0 or β z = 0. In the former case the boost is purely longitudinal and hence m T = m T independently of the relativistic boost factor γ. In the latter case the boost is purely transverse and m T = m independently of γ, as noted in the second bullet in Section 3.2. -γ → ∞: In this limit m T reduces to a simple form:
When ξ = π/2, and hence β x = 1, Eqn. (11) reduces to Eqn. (8), as expected. This function is shown in Figure 4 (top) for the case θ = 0.9 and φ = 0.2. The peaks in m T occur when:
and hence tan ξ = tan θ cos φ. At these points
Consequently
, and the boost is hence parallel to the momentum of v or χ in thex −ẑ plane. The transverse mass in the laboratory frame m T equals m and hence saturates the physical bound and can exceed the value of m T in the δ rest frame. We shall discuss the reason for this behaviour in Section 5. The minimum value of m T for γ → ∞ occurs when:
and hence tan ξ = cot θ/cos φ. At these points m T = sin θ sin φ.
Discussion
It is clear from the analysis of the dependence of m T on γ and ξ presented in Section 4 that a combined transverse and longitudinal boost of δ can lead to transverse mass values which exceed those measured in the rest frame of δ, and indeed can saturate the bound m T ≤ m. This observation is in stark contrast to the case of purely transverse boosts, where m T ≤ m T < m when θ = π/2, as noted in Section 3. In order to understand this we can consider the special case where γ → ∞ discussed in Section 4.2.
At the peaks in Figure 4 (top), where m T = m, the ratios ofx andẑ momentum components observed in the laboratory frame for both v and χ (Eqn. (13)) are equal: p v,x /p v,z = p χ,x /p χ,z = tan θ cos φ. As γ → ∞ we can neglect theŷ components of the momenta of these particles and proceed to calculate θ , the value of θ observed in the laboratory frame: tan θ = p T /p z p x /p z = tan θ cos φ for both v and χ. The equivalence of θ for both v and χ causes their rapidities η to be identical and hence ∆η = 0 and m T = m. In general this condition is satisfied along a curve in the γ − ξ plane for specific values of θ and φ, leading to a 'ridge' with m T = m in Figure 3 -Two of the peaks in m T expected at large values of γ are not present when γ → ∞. These are the peaks in Figure 3 (bottom) located near ξ = 0 and ξ = ±π, where β x ∼ 0, which are not visible in Figure 4 (top). -When ξ is exactly zero, β x = 0 and hence the boost is purely longitudinal. We therefore expect m T = m T = m sin θ. However, Eqn. (11) indicates that when γ → ∞ and β x = 0, m T = m sin φ. Since we are, in general, free to pick events with arbitrary θ and φ these values are apparently in conflict. The answer to these two conundrums is illustrated in Figure 4 (bottom), which shows m T /m over a narrow range of ξ around ξ = 0, both for γ → ∞ and for several large, but finite, values of γ. At finite γ, the peak in m T near ξ = 0, obtained when ∆η = 0, narrows and moves towards ξ = 0 as γ becomes larger, with the function maintaining a value m T = m sin θ when crossing the ξ = 0 axis and m T = m at the peak. When γ → ∞ this peak becomes infinitely narrow and only in this unphysical case does the 'underlying' value m T = m sin φ then take over.
One can consider whether this analysis can be used to reduce the dependence of the shape of the experimentally measured transverse mass distribution on the recoil of the parent particle under consideration. In particular, the selection of a population of events with transverse mass values invariant under the Lorentz boosts generated by this recoil would minimise the systematic uncertainties in the measurement of the mass of the parent particle arising from the modelling of the recoil. This would be very useful for measurements of, for instance, the mass of the W boson. In the presence of purely transverse Lorentz boosts a requirement that the transverse momentum components of the decay products in the lab frame parallel to the boost direction be equal would ensure that φ = π/2 and hence that events are indeed invariant under these boosts, as discussed in bullet 3 of Section 3.2. Unfortunately however, this strategy fails in the presence of a combined transverse and longitudinal Lorentz boost, as discussed in Section 4. In this case, in order to isolate events at the transverse mass end-point unaffected by the boost one would need to measure the rapidity of both the visible and invisible decay products of the parent. The latter is inaccessible experimentally and hence this strategy cannot be applied in practice.
Conclusions
In this paper we have studied the transformation properties of the transverse mass under Lorentz boosts with a component transverse to the beam direction. When a purely transverse boost is applied, we observed that the transverse mass is invariant when (a) the momenta of the decay products of the parent particle are confined to the transverse plane and/or (b) the transverse momenta of these decay products are perpendicular to the boost direction. In cases where the boost is purely transverse, the transverse mass in the laboratory frame cannot exceed that in the rest frame of the parent particle. Turning to cases with a longitudinal component to the boost in addition to a transverse component, we observed that by contrast the transverse mass in the laboratory frame can exceed that in the parent's rest frame, and indeed can saturate the bound provided by the rest mass of the parent. In such cases the boost is such that the difference in rapidity between the momenta of the decay products in the laboratory frame vanishes and hence the transverse mass in this frame equals the invariant mass.
